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Linear Di¤erence Equation with white noise

t = 1, 2, ...,N observations

y(t) single uni variate output variable

xj (t) j-th univariate input variable j = 1, 2, .., r

y(t) =
p

∑
i=1

αi � y(t � i) +
r

∑
j=1

q

∑
k=0

βjk � xj (t � k) + w(t)

w(t) ~ white noise

Example with p = 1 and r = 2 and q = 0

y(t) = α � y(t � 1) + β1 � x1(t) + β2 � x2(t) + w(t)
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Least Squares estimation

Y := N � 1 output vector
X = N � (r � q) matrix of inputs
Z = N � p matrix of lagged outputs
U = [Z jX ] = N � (p + r � q) matrix of predictors
W = N � 1 vector of errors
B = [By jBx ] = (p + r � q)� 1 vector of parameters
Y = U � B +W
B̂ =

�
U 0 � U

��1 � �U 0 � Y �
Ŷ = U � B̂, E = Y � Ŷ ,

SSE = E 0 � E
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jeromebusemeyer
Sticky Note
q  on this page 3  has a slightly different interpretation than that on the previous page 2.  On. the previous page, q referred to the largest lag included in the model for the input x predictors.  In the example on the previous page, q=0 because only the lag zero was included in the example

Here instead q is refers to the number of lags actually included in the predictor matrix.

On the previous page q =0 was included as a lag zero for both x1 and x2.  So on the page r = 2 for 2 predictors and q = 1 on this page  because we include the lag zero terms x1(t) and x(2(t).

As a different example, If we inluded lag 1 and lag 2 terms for both x1 and x2 but not the lag zero then r = 2 for two predictors and q = 2 because we included two lags (lag 1 and lag 2 but we didn't include lag zero)



Model comparison for Lin stoch Di¤ + white noise

SSEC : = sum of squared errors from model c

ln likeC = �(N/2) � ln (SSEC/N)�N/2 � [ln (2π) + 1]

BICC = N � ln(SSEC/N) + pC � ln (N) +N � [ln (2π) + 1]

pC = no. parms in model C

SSER : = sum of squared errors for restricted version of C

pR = no. parms in model R (after linearly constraing parms in C)

MSR = (SSER � SSEC )/(pC � pR )
MSE = SSEC/ (N � pC )
F = MSR/MSE , dist under H0 as central F with

dfN = (pC � pR ), dfD = N � pC

() Model estimation and comparison 4 / 10



State Space model

Z := p � 1 state vector
X := q � 1 input vector
W := p � 1 white noise vector
Y := r � 1 output vector
ε := r � 1 measurement error vector

Z (t) = F � Z (t � 1) + G � X (t) +W (t)
Y = H � Z (t) + ε(t)

() Model estimation and comparison 5 / 10



Likelihood function for State Space model

Assume W ~N(0,Ω) and ε~N(0,Ψ),
θ = F ,G ,H,Ω,Ψ vector of parameters that need to be estimated

Ẑ (t) = E [Z (t)jY (1)...Y (t � 1)]
ε (t) = Z (t)� Ẑ (t)
Pt = E

�
ε (t) � ε (t)0

�
ε̂(t) = Y (t)�H � Ẑ (t)

= H � Z + ε�H � Ẑ = H �
�
Z � Ẑ

�
+ ε

V [ε̂(t)] = V (H � ε+ ε) = E
�
ε̂(t) � ε̂ (t)0

�
= H � Pt �H 0 +Ψ = Σt

ln L (θ) = ln f (Y1, ...,YN jθ) = ln f (ε̂1, ..., ε̂N jθ)

�2 � ln L(θ) =
N

∑
t=1
ln jΣt j+

N

∑
t=1

ε̂0(t)Σ�1t ε̂(t)
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Chi square test

Assume Simple model is nested within complex model

�2 � ln L = G 2

G 2C ! Complex model with p parameters

G 2S ! Simple model with q < p parameters�
G 2S � G 2C

�
~χ2(p � q)
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BIC Bayesian information (Schwartz) Criterion
Comparisonn

Models do not need to be nested
Model A has p parameters
Model B has q parameters
Suppose p > q
Asympototically equivalent to a Bayesian model comparison
Choose model with lowest BIC

�2 � ln L = G 2

BICA = G 2A + p � ln(N)
BICB = G 2B + q � ln(N)

BICDi¤ =
�
G 2B � G 2A

�
+ (q � p) � ln(N)
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busemeyer
Sticky Note
ln BF ( A over B) = [BIC(B) - BIC(A)]/2 
so
BF (A over B) = 
p(ModelA|data)/p(ModelB|Data) 
= exp(  [BIC(B)-BIC(A)]/2  )

p(ModelA|data) 
= BF(A over B)/[ 1+BF(A over B) ]



AIC (Akaike) information Criterion Comparisonn

Models do not need to be nested
Model A has p parameters
Model B has q parameters
Suppose p > q
Measures (Kullback-Leibler) Distance between model and true distribution
Choose model with lowest AIC

�2 � ln L = G 2

AICA = G 2A + p � 2
AICB = G 2B + q � 2

AICDi¤ =
�
G 2B � G 2A

�
+ (q � p) � 2
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Newton - Raphson Parameter Search

Quadratic Approximation of the objective function at some point in the
parameter space

F (θ) = �2 ln L (θ)

r =
∂

∂θ
F (θ) :=gradient

H =
∂2

∂θ � ∂θ0
F (θ) := Hessian

F (θ + δ) � F (θ) + δ0 � r+ 1
2

�
δ0 �H � δ

�
∂

∂δ
F (θ + δ) = r+H � δ = 0

δ = �H�1 � r
θk = θk�1 + s � δ

as N ! ∞ , H�1 � Var
�
θ̂
�
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